Detailed analysis is done for the case of a single pseudo local phonon interacting with an electronic molecular transition and a phonon bath. Both the sudden-jump model and the master equation formalism predict a complex optical line shape for a single-molecule embedded in a solid matrix. In addition to the conventional Lorentzian, the line consists of a dispersive component in the core region and a side band. The sudden jump model is applicable only if the vibration-phonon coupling is independent of the electronic wave functions. However if the line wings are neglected, the sudden jump model can fit experimental data even when the condition of its applicability is not fulfilled. An interesting property of the complex line was found at strong excitation. In this case the line behaves in a fashion intermediate to the homogeneously and inhomogeneously broadened spectra.
I. INTRODUCTION

Recently
1 the shape of a resonance line of a single molecule interacting with a single pseudo localized vibration ͑PLV͒ have been measured with high accuracy. These measurements clearly show that the line shape is more complicated than a simple Lorentzian which has essentially only two parameters, the width and the central frequency. The data were analyzed in terms of the reduced density matrix S ϵTr B ͕͖, which describes a small system interacting with an unobservable bath. The partial trace is taken over the bath states and is a density matrix of the whole system which may include, for example, a probe molecule and the matrix in which the molecule is imbedded. The evolution of S is described by a master equation 2 ͑ME͒, which in the absence of the external fields reads
The coefficients ⌫ i jmn are time independent in the secular approximation. 2 Additional terms must be included to take into account an interaction between the molecule and classical fields. The spectral line intensity is then proportional to the steady-state response of the system to the electromagnetic field of a constant amplitude and frequency. The master equation and its steady-state solutions have been briefly discussed recently 1 but are considered in full detail in this paper, including saturation effects at high laser powers.
A different approach, the sudden jump model ͑SJM͒ is widely used for calculations of line shapes [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] at low laser intensities. The SJM is a way to circumvent the complicated ME. The line shape function is expressed as R͑ ͒ϰRe ͫ ͵ 
͑2͒
where ͗ ͘ stands for an average over all realizations of the time dependent stochastic transition frequency ͑͒, whose choice is motivated by physical intuition and mathematical convenience. 3 In its simplest version ͑corresponding to a two-level single molecule interacting with a PLV͒ the SJM has only three parameters-the energy of the pseudo-local vibration ⑀, the single molecule transition frequency change upon excitation of that vibration , and the decay rate of the PLV k d . For the same model system, the more involved theory based on the ME has at least four parameters, one of which is a complex number. 1 An interesting question is how these two theories are related. The energy ⑀ enters both theories through a Boltzmann factor Bϭexp(Ϫ⑀/k B T) and can be determined from the temperature dependence of the line shape. If the line shape function can be described by the SJM then there must be two relations between four remaining apparently independent real constants in the master equation. Thus a precise measurement of the single-molecule line shape should either display limitations of the SJM or reveal new physics restricting the number of independent coefficients in the master equation. These qualitative arguments are analyzed in the next two sections along with a detailed description of the two approaches. The result of the analysis is that despite an apparent agreement between available experimental data and SJM, no definitive conclusion can be actually made about SJM applicability to the description of impurity centers in solids. The three fit parameters which describe the line shape predicted by SJM can always be chosen such to reproduce the core region of the line but the values of those parameters can have little relation to the physical basis of the SJM.
In the third part, the solutions of the ME are obtained and analyzed also for high excitation laser powers. This analysis reveals a complex and not documented in previous works power dependence of the line shape. The line shape behaves in a way intermediate to homogeneously and inhomogeneously broadened spectral bands.
II. SUDDEN JUMP MODEL AND THE MASTER EQUATION
In general, at low laser power the absorption spectrum of a quantum-mechanical system is proportional to a Fourier integral of the correlation function of the transition dipole moment operator in the Heisenberg representation (t) as given below,
͑3͒
where 0 ϭ (0). Original arguments justifying Eq. ͑3͒ and their more rigorous version can be found in the literature. 3, [16] [17] [18] Thus the key quantity for the calculation of the spectral line shape is the correlation function, ͑͒ϭTr͕ 0 ͑ ͖͒. ͑4͒
In this paper the system of interest has a Hamiltonian Ĥ which is assumed to consist of the following parts:
where the PLV Hamiltonian is Ĥ v , the thermal bath Hamiltonian is Ĥ b , Ĥ c is the two-level molecular Hamiltonian, and Ĥ e -v describes the interaction between the molecular states and the PLV. The bath-vibrational coupling Ĥ b -v may depend on electronic degrees of freedom. The system is shown schematically in Fig. 1 . We also define a small system Hamiltonian Ĥ ss ϭĤ e ϩĤ v ϩĤ eϪv . As basis vectors we use direct products of the eigenstates ͉m͘ of Ĥ ss , where m ϭ͕1,2,3,4͖, and the eigenstates of Ĥ b which are the phonon modes ͉b͘ϵ͉͘ϵ͉͘. We consider only two states of the PLV because at low temperatures (k B TӶE) the PLV can be considered as a two-level system ͑TLS͒. The main idea of the SJM is in assigning a classical ''trajectory'' to the dipole moment, that is, in replacing (t) by a random function of time which behaves according to classical probability laws. 
with the initial conditions ͕Q dd ,Q du ͖ϭ͕1,0͖ and ͕Q ud , Q uu ͖ϭ͕0,1͖. In the thermal equilibrium the PLV excitation
Alternatively to this intuitive approach, one evaluates the trace in Eq. ͑3͒,
and sees that e iĤ /ប 0 e ϪiĤ /ប obeys equations of motion formally analogous to those for , namely, Ϫiប ϭ͓Ĥ ,͔, and thus the matrix elements of the operator P ()
ϪiĤ /ប ͖ obey the equations of motion for the corresponding matrix elements of the reduced density matrix. The initial conditions P (0)ϵTr B ͕(0) 0 ͖ ϵ S (0) 0 can be evaluated for the approximately diagonal form of the reduced density matrix of the small system in thermal equilibrium. In the optical domain, only the ground electronic state is significantly populated, which approximately holds at low laser powers, and the density matrix has zero off-diagonal elements. Thus S (0)ϭ S 11 (0)͉1͗͘1 ͉ϩ S 33 (0)͉3͗͘3͉. The dipole moment operator (t) at tϭ0 coincides with its Schrödinger representation and acts only on the variables of the small system 0 ϭ͉1͗͘2͉ϩ*͉2͗͘1͉ϩ͉3͗͘4͉ϩ*͉4͗͘3͉. ͑10͒
Hence P (0)ϭ S 11 (0)͉1͗͘2͉ϩ S 33 (0)͉3͗͘4͉. For briefness we assume that ϭ1. The correlation function expressed by means of the matrix elements of P ͓see Eq. ͑9͔͒
Taking into account that in the usually applied secular approximation 2 the dynamic equations for P 21 () On the right-hand side the two systems Ĥ e and Ĥ v are combined in a four level system ͑small system͒ in which the interaction Ĥ eϪv is taken into account. The gray arrows connect levels with a nonzero transition dipole moment. The acousticphonon system Ĥ b serves as a thermalized reservoir. The interaction between the small system and the acoustic phonons is assumed to be small and can be treated using a perturbation approach ͑up to the second order͒. This leads to a master equation for a reduced density matrix of the small system. A different approach is based on a classical trajectory assigned to the optical transition frequency. The triplet states are not shown. Coefficients ⌫ ii j j are denoted ⌫ i j for briefness.
and P 43 () are formally uncoupled from P 12 () and P 34 () and considering the initial conditions P 21 ()ϭ P 43 ()ϭ0 we obtain P 43 ()ϵ P 21 ()ϵ0. Thus the final result simplifies to
where
The coefficients ⌫ i jmn are the coefficients of the ME͑1͒ and the initial conditions are ͕P 12 (0),P 34 (0)͖ϭ͕ S 11 (0),
The method of obtaining the master equation and can be found in textbooks 2 or elsewhere in the literature. 19, 20 The interaction Hamiltonian which we take in the form Ĥ bϪv ϭB •V , where the operator B acts only on the phonon bath states and V acts only on the small system states. In the secular and rotating-wave approximation, the master equation reads 11 
͑20͒
where is the laser frequency and the coefficients ⌫ ii j j are denoted by ⌫ i j . The subscript S of the reduced density matrix is omitted and 21 ϭ0 for briefness. The coupling to the electromagnetic field taken in the dipole approximation is described by the Rabi frequency ⍀. The applicability of the master equations is limited to weak and intermediate optical fields. In the case of strong fields these equations should be modified. Various approximations that have been discussed in the literature [21] [22] [23] [24] [25] concern a two-level atomic system interacting with a heat bath. In this paper we deal with a four-level system where all the levels are treated on equal footing. As in the case of two levels, the validity of Eqs. ͑13͒-͑20͒ is limited by the conditions ⍀Ӷ cor Ϫ1 and ⌫Ӷ cor Ϫ1 for all ⌫, where cor is the correlation time of the phonon bath which is on the order of 1/ D , where D is the Debye phonon frequency. An additional limitation is that the frequency difference ⌬ caused by the coupling between the PLV and electronic states, should be larger than ⍀. The opposite case corresponds to a PLV interacting with dressed electronic states. 2 All of these conditions are fulfilled in the numerical examples given in the next section.
From Eqs. ͑12͒, ͑19͒, and ͑20͒ it follows that 
͑25͒
Assuming that the electron-vibrational coupling Ĥ e -v is weak and hence ͉1͘Ϸ͉g͘ ͉d͘, ͉2͘Ϸ͉e͘ ͉d͘, ͉3͘Ϸ͉g͘ ͉u͘, and ͉4͘Ϸ͉e͘ ͉u͘, Eq. ͑25͒ holds if Ĥ b -v is independent of the electronic degrees of freedom. This conclusion ͑although obtained in a different way͒ agrees with other authors. 19, 26 However, experimental results can be compared only to the solutions of Eqs. ͑23͒ and ͑24͒ and Eqs. ͑7͒ and ͑8͒. The coefficients are not directly available and phenomenological parameters can only be obtained from a fitting of the theoretical predictions to the experimental results. In the next section we will see that the condition ⌫ 1212 ϭ⌫ 1234 can be checked only if precise measurements of the wings of the line ͑which has a complex non-Lorentzian shape͒ are available. The Lorentzian-type core region can be fitted both to the predictions of Eqs. ͑23͒ and ͑24͒ and that of Eqs. ͑7͒ and ͑8͒. In all experiments done so far ͑except for Ref. 1͒, little attention was paid to the wings and thus the applicability of the sudden jump model to real impurity centers in solids is still an open question.
III. SOLUTION OF THE MASTER EQUATION
When the system is excited by a harmonic electromagnetic field, the excitation spectrum is proportional to the steady-state spontaneous emission and hence to the population of the electronically excited singlet states n e ϵ 22 (ϱ)ϩ 44 (ϱ)ϰ 12 (ϱ) ϩ 34 (ϱ) ͓see Eqs. ͑A3͒ and ͑A4͔͒. The steady-state expression for e reads ͑see the Appendix͒ 
where Equations ͑27͒-͑33͒ represent the low-power approximation. ͑Note an error in the expression for ⌽ in Ref. 1 .͒ The exponential temperature dependence in Eqs. ͑31͒ and ͑32͒, frequently observed in experiments, [27] [28] [29] [30] [31] [32] [33] holds irrespective of the validity of the equality ⌫ 1212 ϭ⌫ 1234 . Thus from an observation of an activation type of the linewidth and line frequency dependencies no definitive conclusion can be made about the applicability of the SJM. Only when these parameters are considered together with the dispersive prefactor ⌽ and the width of the side band ⌫ 3434 , can a possible influence of the electronic states on the PLV-phonon coupling be revealed. Although in Ref. 1 all the parameters were measured, their accuracy was too small to make a definitive conclusion.
At high laser power the line saturates and changes its shape. Two extreme cases can be distinguished. In the first case the single complex line ͑27͒ is spit in two parts corresponding to the transitions 1→2 and 3→4 which then are treated independently. In this case the combined line is the sum of two lines with different weights,
where R 1 ϩR 2 ϭA 1 1 ϩA 2 2 , assuming that A 1 and A 2 are proportional to the relative integrated intensities of the two lines and are subject to the normalization A 1 ϩA 2 ϭ1. The splitting of the total line shape that is R 1 ϩR 2 in two components is ambiguous. The simplest way to do it is
and
Another extreme can be obtained by assuming that the low power line shape is not a sum of two independent lines but is a single line with a complex frequency dependence. In this case,
where 1 ϩ 2 ϭR 1 ϩR 2 . Equations ͑34͒ and ͑37͒ describe, respectively, the behavior of inhomogeneously and homogeneously broadened spectral lines in strong electromagnetic fields. 34 The transition from Eq. ͑34͒ to Eq. ͑37͒ is governed ͓see Eq. ͑A9͒ in Appendix͔ by the value of 2␥ Im͓ 34 ͔(⌫ 13 Ϫ1 ϩ⌫ 24 Ϫ1 ) and the whole spectrum of intermediate situations is possible. If this factor is very small, Eq. ͑37͒ is valid. In Fig.  2 the line shape at high saturation is shown for the experimentally determined PLV parameters. 1 The deviation between Eqs. ͑37͒ and ͑26͒ indicates that the line shape has still a ''memory'' about its origin from two different transitions. The applicability of Eq. ͑34͒ is more difficult to define. Equations ͑35͒ and ͑36͒ lead to nonphysical negative cross sections at large detunings. In a special case when the dispersive contribution is zero ͕that is, when Re͓⌫ 3412 ͔ ϭ⌫ 3434 ͉⌫ 3412 ͉ 2 /(⌬ 2 ϩ⌫ 3434 2 )͖, both lines are simple Lorentzians and the nonphysical result does not appear. The line shapes predicted by Eqs. ͑26͒, ͑34͒, and ͑37͒ are compared in Fig. 3 , where it is clear that the exact solution ͑B͒ is situated between the two extremes. A comparison with an experiment requires measurement of a single line shape under very strong saturation conditions. Possible difficulties are associated with high background signal caused by intensive laser illumination.
A final comment relates Eq. ͑26͒ to Eqs. ͑2͒ and ͑3͒ in Ref. 1 . The description of the saturation effects presented in Ref.
1 is limited to powers such that 4␥ӷ(2 ϩ⌰)⍀ 2 2 (). In this case the line shape is equally well described by both Eq. ͑34͒ and Eq. ͑37͒ as a sum of the saturated main line and the unsaturated side band,
͑38͒
where the saturation parameter Sϭ(2ϩ⌰Ј)⍀ 2 /(4␥⌫ 0 ) and ⌰Ј is a constant whose value is very little different from ⌰.
IV. CONCLUSION
The electronic spectral line shape of a single molecule doped in a crystal has been studied in the framework of the master equation approach and the sudden jump model. In the presence of a two-level system which interacts with the electronic transition ͑a pseudo local phonon at low temperatures is an example͒, the line shape consists of two Lorentzians distorted by the presence of dispersive components. Although both the master equation approach and the sudden jump model predict the presence of the dispersive components, the predictions of the two theories differ in the amplitude of the dispersive parts. If the phonon-vibrational coupling is independent of the electronic state, both predictions are identical.
It is shown that at low laser power if the dispersive component of the line is neglected, the sudden jump model can always describe the phenomenological temperature dependence of the linewidth and the line frequency.
At high laser power the line shape broadens and shows an interesting partial memory effect. The actual line can display a behavior intermediate to the behavior expected from a combination of two independent lines and from a single line with a complex line shape.
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